CHAPTER 1

This first chapter gives basic descriptions and

and random data to pl'mdc aphyslcal nnderstan
book. Simple classification ideas are used
stationary random data, ergodic random data
Fundamental statistical functions are defined
amplitude, time and frequency domain prop
records and pairs of stationary random re
on various types of input/output probl
necessary error analysis criteria to design
ments. s
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Position of
equilibrium

Figure 1.1 Simple spring mass system.
(1)

he exact location of the body at any instant of

i .1) defines t : %
R hysical data representing the motion of the ma

the future. Hence the p
det;h":'rf ;;lec;nany physical phenomena in practice_tl_xat produce flata |
be represented with reasonable accuracy by explicit mathematical
ships. For example, the motion of a satellite in orbit ab_out the
potential across a condenser as it discharges through a resistor, the v
response of an unbalanced rotating machine, and the temperature of
heat is applied are all basically deterministic. However, there are man
physical phenomena that produce data that are not deterministic. For
the height of waves in a confused sea, the acoustic pressures generay
rushing through a pipe, and the electrical output of a noise generator
data that cannot be described by explicit mathematical relationships
no way to predict an exact value at a future instant of time. These
random in character and must be described in terms of probability
and statistical averages rather than by explicit equations.

The classification of various physical data as being either determ
random might be debated in many cases. For example, it might be argu
no physical data in practice can be truly deterministic since there is 2
possibility that some unforeseen event in the future might influ
phenomenon producing the data in a manner that was not originall
ered. On the other hand, it might be argued that no physical f
random, since exact mathematical descriptions might be possible if z
knowledge of the basic mechanisms of the phenomenon prod
were available. In practical terms, the decision of whether ph
deterministic or random is usually based on the abili ;
by controlled experiments, If an ex e;ime t o
can be repeated many times wifh id ¥ D spegﬁf: s
experimental error), then the data can1 s _(w1thm :

generally be considered de

I : at lll I'Odu i i
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possible viewpoints. Further note that physical data are usually thought of as
being functions of time and will be discussed in such terms for convenience.
Any other variable, however, can replace time, as required.

Y

1.2 CLASSIFICATIONS OF DETERMINISTIC DATA

Data representing deterministic phenomena can be categorized as being either
periodic or nonperiodic. Periodic data can be further categorized as being
either sinusoidal or complex periodic. Nonperiodic data can be further cate-
gorized as being either ‘““almost-periodic” or transient. These various classifica-
tions of deterministic data are schematically illustrated in e i
course, any combination of these forms may also occur. For p
review, each of these types of deterministic data, along with phy
will be briefly discussed. , F % A

1.2.1  Sinusoidal Periodic Data
Sinusoidal data are those types of periodic.
cally by a time-varying function of the form

A R e s

x(t) = XsinQ2nfyt + 6)
0 becogume S08. 0 SugER ol e
X—ampliude 1 o y
0=';. ‘. li,m f ;

where

a sine ,W&Y;Q% .
often ignored. For t
e




OPERTIES ; CLASSIFICATIONS OF DETERMINISTIC DATA 5
RIPTIONS AND PR 3 RS § ok AR P
bl oo Amplitude . With few exceptions in practice, complex periodic data may be expanded g

T into a Fourier series according to the following formula:
4 ‘ ‘
—— — . ——— ' a o) 4
S AL CEATE ‘ I : x()==+ Y (a,cos2mnf,t + b,sin2mnf,t)
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Figure 13 Time history and spectrum of sinusoidal data.
) ke Yo inmig? B Sl
T —
Equation (1.3) can be pictured by a time history plot or by an ampli a,=— ["x(t)cos2anfitdt n=0,1,2,

: ge R |
frequency plot (frequency spectrum), as lllustratefl in Figure 1.3. . )

The time interval required for one full fluctuation or cy'cle 9f sn'msmt.l
is called the period 7,. The number of cycles per unit time is call

frequency f,. The frequency and period are related by

Note that the frequency spectrum in Figure 1.3 is composed of an amp
component at a specific frequency, as opposed to a continuous pl
amplitude versus frequency. Such spectra are called discrete spectra or
spectra. ,

There are many examples of physical phenomena that produce
imately sinusoidal data in practice. The voltage output of an electrical a
is one example; the vibratory motion of an unbalanced rotating

another. Sinusoidal data represent one of the simplest forms of tin v
data from the analysis viewpoint.

122 Complex Periodic Data

Complex periodic data are those types of periodic data that can t :

mathematically by a time-varying function wh. e
itself at regular intervals i 0se waveform exa <

x(’)=X(t;tnTp) ne'y

called the period T,. The n

Jundamental frequency f,. A special HUES
sinusoidal data, where fll .. fO:pem case for complex periodic d
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Amplitude : Amplitude
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Figure 1.4 Spectrum of complex periodic data.

tion of data as being sinusoidal is often only an approximation for d :
are actually complex. For example, the Vol}age 01‘1tput from an electric
alternator may actually display, under careful inspection, some small_ ontriby
tions at higher harmonic frequencies. In other cases, intense harmonic
nents may be present in periodic physical data. For exa.mpl?, the vib:
response of a multicylinder reciprocating engine will usually display con
able harmonic content.

where f,/f,, # rational
almost-periodic dat:
more unrelated

! tion response in a mul
123  Almost- Periodic Data ization

In Section 1.2.2, it is noted that periodic data can generally be reduc
series of sine waves with commensurately related frequencies. Con
data formed by summing two or more commensurately related sine v
be periodic. However, the data formed by summing two or more sin
with arbitrary frequencies generally will not be periodic. Specificall
of two or more sine waves will be periodic only when the ratios of
pairs of frequencies form rational numbers. This indicates that a fi
period exists, which will satisfy the requirements of Equation (1.5). F

x(t) = Xysin(2r + 6,) + X,sin(3¢ + 6,) + X,sin(?t + 6, ¥
e

is periodic since 3, 2, and ! are

rational numbers (the fundan
T, = 1). On the other hand. (

x(r) = Xisin(2r + 6,) + Xysin(3t + )+ X3sin(f5_6 '
e e Sincs 2450 a3 Y50 tae ’

will not be satisfied for any finite value of

T‘ 1
Bamdontbmetﬁsumions,almost-puiodi'cdamarethm
odic data that can be defined mathematically by a timey
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) ¢ Here, | X(f)| is the magnitude of X(f) and #( f) is the argument. In terms of
A et 120 A 4 the magnitude | X( f)], continuous spectra of the three transient time hisic
3(1)-{ 1<0 0 mﬁgurclﬁarcaspmentedmﬁymuuodanprmbrﬁ :
(@ computation of Fourier series and finite Fourier transforms um .
(1) k. Chapter 11. \ i
Ae*tcosbt 120 A b e 3 :
1) = <
e {o 1<0 m°W"‘ 13 amnousormtmx
=(t) 4
A c2t2>0 A g As discussed earlier, data representing a random physical pk
x(t)=[ cj bedambedbymapbﬁmﬁmnmlmw
0 R © & 2 umofﬂ:ephenommmwﬂlbemx.hoﬁamﬂﬁﬂ'"
mﬂrepraentonlyoneofnmypoﬁbkrmﬂtshtnﬂhn
Figure 1.6  Illustrations of transient data. mm“m%ﬁmamm

as a function of time. A specific voltage time b

most cases, however, from a Fourier transform given by

X(f) =j°° x(t)e 72 dt

iﬂumtedmﬁgnel.&lhmeﬂle“ﬂﬁ’

‘ The Fourier transform X(f) is generally a complex number that ' mwmwﬁﬂmm
i expressed in complex polar notation as a %

. et
|
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Figure 1.7 Spectra of transiens data,
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Nonstationary

Stationary

Special
classifications of
nonstationarity

Classifications of random data.

Figure 1.9

A single time history representing a random phenome.non. is cg.lled a sample
function (or a sample record when observed over a finite time interval). T
collection of all possible sample functions that the random phenomenon mi
have produced is called a random process or a stochastic process. Henc
sample record of data for a random physical phenomenon may be though
as one physical realization of a random process. ‘

Random processes may be categorized as being either stationary or non
tionary. Stationary random processes may be further categorized as be
either ergodic or nonergodic. Nonstationary random processes may be fi
categorized in terms of specific types of nonstationary properties. Th
various classifications of random processes are schematically illustrat
Figure 1.9. The meaning and physical significance of these various types
random processes will now be discussed in broad terms. More anal
definitions and developments are presented in Chapters 5 and 12.

1.3.1  Stationary Random Data

When a physical phenomenon is considered in terms of a random pro
properties of the phenomenon can hypothetically be described at any
of time b){ computing average values over the collection of sample fi
that describe the random process. For example, consider the colle

process at some time ¢, can be comp
each sample function of the ensem
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Xy (t) Ao oe

L
Jll >t

191 by 2T
Figure 1.10  Ensemble of time-hi

autocorrelation function R (¢, t; ;
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_order moments and joint moments of
be computed to establish a complete family

of probability distribution functions describing the process. Fc?r th; speci
case where all possible moments and joint momepts are time l-nvanar}t, gh& ‘
random process {x(?)} i said to be strongly stationary Of stationary in the

strict sense. For many practical applications, verification of weak stationari

will justify an assumption of strong stationarity.

An infinite collection of higher
random process { x(1)} could also

1.3.2  Ergodic Random Data

In Section 1.3.1, it is noted how the properties of a random process can be
determined by computing ensemble averages at specific instants of time. In
most cases, however, it is also possible to describe the properties of a stationa
random process by computing time averages over specific sample functions
the ensemble. For example, consider the kth sample function of the rando
process illustrated in Figure 1.10. The mean value p (k) and the autocorrel
tion function R (, k) of the kth sample function are given by )

divog
k)= lim —
pll) = Jim — [T (1) dr

.
Ro(r, k)= Jim =[x, (1)t +7) do

'If the random process { x(z)} is stationary, and p (k) and R _ (7, k) d
in Equation (1.11) do not differ when computed over diﬂ'ere;; se’lmpIe' f
tions, the random process is said to be ergodic. For ergodic random proce:
the time-averaged mean value and autocorrelation function (as well as all it
tlme-averaged.properties) are equal to the corresponding ensemble avi
values. That is, p.(k)=p, and R, (7,k)= R, (7). Note that onl
tionary rgndom processes can be ergodic. i :
: Ergodic random processes are clearly an important class of random prao
since all properties of ergodic random processes can be determinecf
forming time averages over a single sample function. Fortunately, i i ¢
ral.ldom dz_ita representing stationary physical phenorr;ena are 4 111‘ ;
It is for this reason that the properties of stationary random pﬁ:ﬁm&‘

measured properly, in most cases, fr i ime history
Y, , Irom a single observed ti i y
A full development of the properties of ergodic rand : i

: - Om processes 18

1.3.3  Nonstationary Random Data

Nonstationary random i
processes include all ra X
. . nd
;gseft the requirements for stationarity defined in S:clgoﬁrgc;ises ia
Tictions are imposed, the properties of a nonstationary rand
p
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generally time-varying functions that can be determined only by performing
instantaneous averages over the ensemble of sample functions forming the
process. In practice, it is often not feasible to obtain a sufficient ber of
sample records to pe e measuremen rties b sembl
gveragjgg, That fact has tended to impede the development of
techniques for measuring and analyzing nonstationary random data.
In many cases, the nonstationary random data produced by actual physical
phenomena can be classified into special categories of nonstationarity that
simplify the measurement and analysis problem. For example, some types of
random data might be described by a nonstationary random process {x(1)},
where each sample function is given by x(¢) = a(t)u(z). Here, u(t) is a sample
function from a stationary random process {u(?)} and a() is a detern istic
multiplication factor. In other words, the data mi
nonstationary random process consisting of sample fun iions with a _cos
aﬁ?&m_gl_’_nmﬁczﬁg_gggnyf nonstationary random data fit a specific mo
s type, ensemble averaging is not always needed to describe the
various desired properties can sometimes be estimated from
record, as is true for ergodic stationary data. These matters are
detail in Chapter 12. et e

1.3.4  Stationary Sample Records g
The concept of stationarity, as defined and discussed i
the ensemble averaged properties of a random prot
data in the form of individual time history records
are frequently referred to as being stationary
different interpretation of stationarity is invol
story record is referred to as being stationa
properties computed over short time intervals do
one interval to the next. The word significantly
observed variations are greater than would be
cal sampling variations.
To help clarify this point, consi
from the kth sample function of a 1
value and autocorrelation function 2
interval T with a starting time of
e byt G R

Y
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S - o time #, varies, the individual sample record i
vary significantly as the starting time 7; rd i
s:g tog be nons):ationary‘ For the special case where the sample propertie 2

defined in Equation (1.12) do not vary sx'gmﬁcan;\lly tasththtt: :t:rungl time
varies, the sample record is said to be stationary. Note | al ;mp the et
obtained from an ergodic random process will pe stationary. Fur ermo
sample records from most physical!y mterest}ng nOIlStZ.IIIOI.lax.'y _l’and n
processes will be nonstationary. Hence if an ergodic asspmpt.lon is Just!ﬁed
it is for most actual stationary physical ph@no{nena), verification of stationari
for a single sample record will effectively justify an assumption of stationar;
and ergodicity for the random process from which the sample record

obtained. Tests for stationarity of individual sample records are discussed
Chapters 4 and 10.

14 ANALYSIS OF RANDOM DATA

The analysis of random data involves different considerations from the d
terministic data discussed in Section 1.2. In particular, since no explicit
mathematical equation can be written for the time histories produced b
random phenomenon, statistical procedures must be used to define the desc
tive properties of the data. Nevertheless, well-defined input/output relati
exist for random data, which are fundamental to a wide range of applicati
In such applications, however, an understanding and control of the statist

errors associated with the computed data properties and input/output ri
tionships is essential. ‘

14.1  Basic Descriptive Properties

Basic statistical properties of importance for describing single s
random records are

Mean and mean square values
Probability density functions
Autocorrelation functions
Autospectral density functions ( Py

B~

For the present discussion, it is in
alone, without the use of mathe
they will be illustrated for specia

The mean value p a{ld the variance o? fora Stationary record rep
c:;nraib 2tendl;ein;:ly and dispersion, respectively, of the data The mean ‘
value v, which equals the variance plus the , ' (

| Square of the
measure of the‘ combined central tendency and dispersion n%;in;;;m
;si:lmated by simply computing the average of all data véllues in
€ mean square value is similarly estimated by computing the ax

structive to define these quantities b

matical equations. After this has b
1 cases of interest.

" estimated by computing the probability that the instantaneous value of the
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squared data values. By first subtracting the mean value esti_mate fropn all the

data values, the mean square value computation yields a variance estimate.
The probability density function p(x) for a stationa:y‘remrd rel?resmtsmc

rate of change of probability with data value. The function p(x) is generally

single record will be in a particular narrow amplitude range centered at v@j@s
data values, and then dividing by the amplitude range. The total area under the
probability density function over all data values will be unity, since this merely
indicates the certainty of the fact that the data values must fall between
and + oo. The partial area under the probability density function from —
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some given value x represents the probability distribution function, denote

P(x). The area under the probability density function betyv_een any two
x, and x,, given by P(x) = P(x,), defines the probability that any
Jected time will fall within this amplitude inte; : /\ /\
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data values at a randomly se ;
Probability density and distribution functions are fully discussed in Ch

and 4.
The autocorrelation function R,.(7) for a stationary record is a m : I ‘
time-related properties in the data that are separated by fixed time d : : \/ \/ \/ \j \/O \I \/ ke \} Al

#

p(x) Ry @)
“ ! (a) 7 u ih
I |
l l
| I
| |
| |
A
-X 0 e x
p(x)
(%)
0 &
p(x)
()
0 > X %
p(x) :
(d)
0\ 1

Flgm'e 1-12 ty y p . . )

IIObablll denSIt functlon lots a Sllle wave. b .
andom noise. (C) NaIIOW-band Iandonl noise. (d)( W)lde-band (d P
I ran



18 BASIC DESCRIPTIONS AND PROPERTIES
be estimated by delaying the r :
fii?ay r, then multiplying the original record w1yh the delayecli record,
averagu;g the resulting product values over the available record length or
some desired portion of this record length. The procedure is repeated for

del f interest.
tlm’le‘heeaz:?ﬁ)sopectral (also called power spectral) density function G, .(f) for

statwnary record represents t

GII(f)

(a)
f
0 fo
G, (N ®)
0 fo f
G ()
! (c)
]
|
¢ f:r ff
G () @
2 ~f

Figure 1.14  Autospectral densi

functi
sotlonatliee. RN e b &y on plots. (a) Sine wave. (b) Sin

random noise. (d) Wide-band random noise.

ecord relative to itself by some fixed tj .

he rate of change of mean square value with
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frequency. It is estimated by computing the mean square value in a narrow
frequency band at various center frequencies, and then dividing by
the frequency band. The total area under the autospectral density function
over all frequencies will be the total mean square value of the record. The
partial area under the autospectral density function from f, to f, represents
the mean square value of the record associated with that frequency range.
Autocorrelation and autospectral density functions are developed in Chapter 5.
Four typical time histories of a sine wave, sine wave plus noise, :
band noise, and wide band noise are shown in Figure 1.11. Theo:
their probability density functions, autocorrelation functio
density functions are shown in Flgur&s 318195 113 and 14
Equations for all of these plots are given in Chapm,s
theoretical formulas. .
For pairs of random records from two dlﬂ'erent atatmnafy ra
joint statistical properties of importance are :

Joint probability density functions
Cross-correlation functions wE
Cross-spectral density functions
Frequency response functions

Coherence functions

SR N

records in the amplitude, time, or frequer
cross-spectral density function between t
individual autospectral density f 101
frequency response functions (g
records. Here, the two mﬁg re
problem. The cohere
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Typical applications of spectral density functions include

Determination of system properties from input data and outpu:n data
Prediction of output data from input data and system properties
Identification of input data from output data and system properties
Specifications of dynamic data for test programs

Identification of energy and noise sources

Optimum linear prediction and filtering

S B LR

1.4.2  Input/Output Relations

Input/output cases of common interest can usually be considered as coni‘b“ﬂis_-
tions of one or more of the following models: #

Single-input /single-output model
Single-input /multiple-output model
Multiple-input /single-output model
Multiple-input /multiple-output model

CRSESE

In all cases, there may be one or more parallel transmission paths with
different time delays between each input point and output point. For multiple 9
input cases, the various inputs may or may not be correlated with each other.
Special analysis techniques are required when nonstationary data are involved,
as treated in Chapter 12.

A simple single-input/single-output model is shown in Figure 1.15.
x(¢) and y(t) are the measured input and output stationary random re
and (1) is unmeasured extraneous output noise. The quantity H,_(f) is the
frequency response function of a constant-parameter linear systexyn betwee
x( t_) and y(t). Figure 1.16 shows a single-input /multiple-output model t
a snmple extension of Figure 1.15 where an input x(r) produces many outp
Yi(1), i=1,2,3,... . Any output y,(¢) is the result of x(t) passing throu
constant-parameter linear system described by the frequency response fun

H,i(f)- The noise terms n,(1) represent unmeasured extraneous output 1

at the different outputs. It is clear that Figure 1.16 can be considered a:
combmatxor} of separate single-input/single-output models i3

Approprlat‘e procedures for solving single-input modeis are develope
Chapter 6 using measured autospectral and cross-spectral density functi

n(t)

A )

R v(t)

Figure 1.15 Sing]e-input/single-output System with output noise.
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ny(t)

Ho (P fg -0

x(t) H.,(f) f!\ - ¥, (1)
(XX J A

H(f) >y, (1)

Figure 1.16  Single-input/multiple-output system.

.

Ordinary coherence functions are defined, which play a key role in

system-identification and source-identification problems. To determine
the gain factor and the phase factor of a desired frequency response func
it is always necessary to measure the cross-spectral density functi
the input and output points. A good estimate of the gain factor -
obtained from measurements of the input and output
functions only if there is negligible input and output ex

For a well-defined single-input/single-output model w]
stationary, the system is linear and has constant ‘
extraneous noise at either the input or output f
function will be identically unity for all frequencies. 4
ideal conditions will cause the coherence function
practice, measured coherence functions will oft
important in determining the statistical confid
function measurements.

Extensions of these ideas can be carried
multiple-output problems, which require the
tion of multiple coherence functions and
general situations can be considered -
put/single-output models for aﬁw
constant-parameter linear sys as

dures for solving "f‘»i Nt
ed (residual) s
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) ;
X (1) () S the true value, that is
' ~
” b[$] = E[4] ¢ .
It follows that the bias error is.a systematic error that always occurs with
b same magnitude in the same direction when measurements are repeated
xy(t) » ”7{/) identical Oircum'mm‘: e P 4%
The variance of the estimate, denoted Var(4], is defined as
value of the squared differences from the mean value. In equ
A~ ~ ~ 2
i -0 var($] = E[(3 - E(3))]
Thc Variance desc IA-}Y € random error O1 the estimate 4 A
2 the error that is not systematic ang
magnitudes from one measuremen anothe :
5 (1) > () : AR L
error, which is defined as the expected vahw of
s the true_value. The mean square error of bisi
X,1) : H,(f) ;

Figure 1.17  Multiple-input /single-output system.,

random records and multiple random records. Included are random e
formulas for estimates of frequency response functions (both gain facto
phase factors) and estimates of coherence functions (ordinary, multip!
partial). These computations are easy to apply and should be perfo
obtain proper interpretations of measured results.

1.43  Error Analysis Criteria

Some error analysis criteria for measured quantities will now be defin
background for the material in Chapters 8 and 9. Let a hat (*) symbol o
quantity ¢, namely, ¢, denote an estimate of this quantity. The qua
be_an estimate of ¢ based on finite time interval or finite number
points. 4 ;

Copceptually, suppose ¢ can be estimated many times by rep
eXperiment or some measurement program, Then, the expected va
denoted by E[4], is something one can estimate. For example, if an e»
is repeated many times to yield results by i = 1,24 0000 th’en

E[3] =L ¥ 3
[¢]'N{§14’1

This expected value may Or may not equal the true value o, It ‘,"

estimate ¢ is said to b rwise, it is said to be biased, The b
the estimate, denoted b[¢], is equal to the expected value of th? ,
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i i it the target. Nevertheless, most pcoPle would pr
guy;ﬁ”ﬁz;g l1uhe bias ergror can be removed (assudmmg one knows jf
present) by adjusting the sights of the gun, but the n:':un o:: e:;rol- uacarzm
removed. Hence, gun A provides the potential for a smaller s ge ree

A final important quantity is t.he normalzzed rms eg'_p;gﬁ; _to' -
denoted by ¢[¢]. This error is a dlmen'sgmless quantity o is to
square root of the mean square error divided by the true value (assumed,

course, to be different from zero). Symbolically, s

VE[(3 - ¢)]

e[$] = p

In practice, one should try to make the normglized TS Error as i
possible. This will help to guarantee that an arbitrary estimate ¢ will i
to the true value ¢.

144  Data Analysis Procedures

Recommended data analysis procedures are discussed in great detail in Chapt
10-13. Chapter 10 is concerned with data acquisition problems, including d;
collection, recording, transmission, preparation, and qualification. Gene;
steps are outlined for proper data analysis of individual records and co

of records, as would be needed for different applications. The emphasis
on appropriate methods for analyzing the properties of stationary
data. Digital data analysis techniques discussed in Chapter 11 involve cor
tational procedures to perform trend removal, digital filtering, F 1i
and fast Fourier transforms on discrete time series data representing
records from stationary (ergodic) random data. Digital formulas are de %
to compute estimates of probability density functions, correlation functions,
and spectral density functions for individual records and for ass

records. Further detailed digital procedures are stated to obtain esi
of the quantities described in

PROBLEMS

L1 For the following functions, which are periodi A f
odic? periodic and whmh ar

¢

(@) x(r)=3sins+ 2sin2s + sin 3z,
(b) x(1)=3sint + 2sin 2t + sin ¢,
(© x(1) = 3sinds + 2sin 5t + sin 6t
(d) x(t)=e'siny,

1.2 Determine the period of the function defined by

x(1) = sin11s + sin12¢

In Problems 1.3-1.6, state which properties are always true.
1.3 A stationary random process must

(a) be discrete.
(b) be continuous. ‘
(c) be ergodic. ¥

(d) have ensemble averaged pn?peniu that are indeper
(e) have time averaged ww@wa?d 0
aged properties. B o 5o b
1.4 An ergodic random process must
(a) be discrete.
(b) be continuous.
(c) be stationary.




auis
[enusuodxa
‘aursoo

G_Eocomxm

aUIs0d
lenusuodxg

[enuauodxg

Lgu il
Av VT T =
L.%kmmooA._.mkqmw vma (3 %y

asiou aym
ssed-pueg

S W |~
1gut B {44 ke -
Ahmh&ﬁm vm p= (L)%Y /._\

3siou AIym
‘ssed-mo

(+)eo =(+)"y

—& o

asIou AYM

G Al

M QUL

1917 500 e (L) %y A{\ L\ § aAe 1S

X
0
(L)Y jueIsuo)
2 =\(1
2
adA .

uoIouUN J UONE[31I000INY

suonoun  uoyEpLI0dIY [E3dS

'S dI9EL

141!



LTI

? aurs
[enuauodxa
e T .. I RR e (/)™ .o:.amu
(T —D)owy —aoz (T + oy +47C peiEpecyd
0
aUIS0d
N?\l\vl& e E N?\+\vmcv o oz = (/) ™D [enuauodxgy
1 1
oS4y + P o
[enuauodxg

by

=(/)"p I.A

0I9Z ISIMIIY)O

(¢/g)+%Ys/s(@a)-%so

R

(0]

I.nmu1|_
aq = A.\,vxxr-u

asiou ayym
ssed-pueg

0I3Z ISTMIJY)O

g S el ()

- Hs

asiou ajrym
ssed-mo

0

o1ZIMINYI0 (0 Z [ ‘vz =())"D _
X4

3SI0U AIYM

%o
o.\ el h - XX
( /e X (f)*o _.— aAeM JUIS
0
(£)e2=(f)* = uRISUO)
_
uonoung Aysus( [enodadsoiny (papis-auQ) adA L.

suonpunyg Asud(y [eydadsony eoadg

S 9lqeL



